ABSTRACT. It is well known that a wide class of obstacle and unilateral problems arising in pure and applied sciences can be studied in a general and unifield framework of variational inequalities. In this paper, we derive the error estimates for the finite element approximate solution for a class of highly nonlinear variational inequalities encountered in the field of elasticity and glaciology in terms of wl'l(t2) and Ll0(t2)-norms. As a special case, we obtain the well-known error estimates for the corresponding linear obstacle problem and nonlinear problems.
INTRODUCTION.
Variational inequality theory is an interesting branch of applicable mathematics, which not only provides us with a uniform framework for studying a large number of problems occurring in different branches of pure and applied sciences, but also gives us powerful and new numerical methods of solving them. In this paper, we conider a broad class of highly nonlinear elliptic boundary value problems having some extra constrained conditions. A much used approach with any elliptic problem is to reformulate it in a weak or variational form aad then to approximate these. In the presence of a constraint, this approach leads to a variational inequality, which is the weak formulation.
In recent years, the finite element techniques are being applied tb compute the approximate solutions of various classes of variational inequalities. Relative to the linear variational inequalities, little is known about the accuracy and convergance properties of finite element approximation of nonlinear variational inequalities associated with nonlinear elliptic boundary value problems. The nonlinear problems are much more complicated, since each problem has to be treated individually. This is one of the reasons that there is no unified and general theory for the nonlinear problems. An error analysis of finite element method for the boundary value problem having nonlinear operator 7 (I x7 ulP-27) was derived by Glowinski and Marroco [1] , which was an improvement of the results of Oden [2] . For piecewise linear finite element approximations, they obtained error estimates in the wl'l-norm of order h I[p-1, which were extended by Noor [3] for strongly nonlinear problems. Babuska [4] [10] and Noor [9] .
VARIATIONAL INEQUALITY FORMULATION.
The mathematical model discussed in this paper arises in the field of elasticity and Oceanography, see [11] . We consider the problem of finding the velocity of the glacier, which is required to satisfy the nonlinear obstacle problem of the type <
where is the cross-section of the glacier and is the given function, known as the obstacle. The presence of/' and 72u may be interpreted as body heating terms, these arises from resistivity and are local Joule heating effects. Also, in elasticity, the problem of torsional stiffness of a prismatic bar with a simply connected convex cross-section f and subject 'to steady creep, which is characterized by a power law, can be described by (2.1) and p is the exponent of the creep law.
The case/ and 72u 0 is related to the problem of capillarity and minimal surfaces, see Finn [12] .
The problem (2.1) is a generalization of the nonlinear problem of finding u such that
for which the error estimates have been derived by using the finite element approximation by Glowinski and Marroco [1] . (2.10) We also remark that if the operator T satisfies the relations (2.7)-(2.10) and the bilinear form b(u,v) is positive continuous, then, using the techniques of Noor [14] and Kikuchi and Oden [13] , we can prove the existence of a unique solution of (2.5). Furthermore, concerning the regularity of the solution u e K satisfying (2.5), we assume the following hypothesis:
(A) {For pe Wlo'P(fl)Nw2'P(fl),u K satisfying (2.5) also lies in W2'P(fl)}. [15] . For other choices of convex subsets, see ([5] , [7] , [8], [13] We now state and prove the main result of this paper. (3.14)
Combining (3.3), (3.8), (3.13) and (3.14), we have, for o(hl/P 1), II u "h Wo, P(n) which is the required result (3.6).
Similarly, we can show that, 0(h-=--), for < p < 2. (1) For p 2, the results obtained in this pper are exactly hose of Falk [5] and Mosco and Strang [6] . (2) In the absence of the constraints, our results reduce to the well known results Glowinski and Marroco [1] and Babuska [4] . Using the one-sided approximation result of Mosco and Strang [6] and Aubin-Nitsche trick [16] , and the techniques of Noor [17] and Mosco [18] , we can derive the following error estimate for the finite element approximation of variational inequality (2.6) in the Lp-norm. Oden and Reddy [10] under the asumption that all the solutions lie in the which can be written as <Tu-TUh, U-Uh> +b(U-Uh, U-Uh) <_ <Tu-Tuh, U-Vh> +b(U-Uh, U-Vh> (3.12) Since (u,v) is a positive bilinear, so far n _> 2 and using (2.7), we have ,,-'9, p < < Tu-TUb, u-u h > <_ <Tu-Tu h,u-uh> +b(u-u h,u-uh> <Tu-TUh,-g, h > +b(U-Uh,-O h > + <Tu-Tuh, U-U h > +b(U-Uh, U-Uh). <_ <Tu-TUh,-h > +b(U-Uh,-tbh) + <Tu-Tuh, U-V h > +b(U-Uh, U-Vh), by using (3.12).
_< I1=-=11 {(11=11 + I1,,11)P+}{11-11 + IIV-Vll}, (3.13) by using (2.8) and the continuity of (u,v).
Without loss of generality, we assume that = _< "II. (3.14) Combining (3.3), (3.8), (3.13) and (3.14), we have, for p _> 2, o(hl/P 1), which is the required result (3.6).
Similarly, we can show that, 0(hZ-t), for < p<2. (1) For v 2, the results obtained in this paper are exactly those of Falk [5] and Mosco and Strang [6] . (2) Using the one-sided approximation result of Mosco and Strang [6] and Aubin-Nitsche trick [16] , and the techniques of Noor [17] and Mosco [18] , we can derive the fo, llowing error estimate for the finite element approximation of variational inequality (2.6) 
